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Abstract 

The thermodynamics of classical and quantum ideal gases based on the Generalized uncertainty 
principle (GUP) are investigated. At low temperatures, we calculate corrections to the energy and 
entropy. The equations of state receive small modifications. We study a system comprised of a zero 
temperature ultra-relativistic Fermi gas. It turns out that at low Fermi energy ep, the degenerate 
pressure and energy are lifted. The Chandrasekhar limit receives a small positive correction. We 
discuss the applications on configurations of compact stars. As ef increases, the radius, total number 
of fermions and mass first reach their nonvanishing minima and then diverge. Beyond a critical Fermi 
energy, the radius of a compact star becomes smaller than the Schwarzschild one. The stability of the 
configurations is also addressed. We find that beyond another critical value of the Fermi energy, the 
configurations are stable. At large radius, the increment of the degenerate pressure is accelerated at 
a rate proportional to the radius. 
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1 Introduction 

It has been suggested that gravity itself leads to an effective cutoff in the ultraviolet, i.e., a minimal 
observable length |U [21 SI E] . Some realizations of the minimal length from various scenarios are 
proposed. One of the most important models is the generalized uncertainty principle (GUP), derived 
from the modified fundamental commutation relation [7J |9l QUI [HI 121 E3] 

[x, P ] = ih(l + (3p 2 ), (1) 

where /3 = f3o£ 2 /h 2 = (3o/c 2 M 2 with the Planck mass M p = ^/hc/G and the Planck length £ p = 
\J Gh/c 3 . (3q is a dimensionless parameter. With this generalization, one can easily derive the gener- 
alized uncertainty principle (GUP) 

AxAp>^[l + p(Ap) 2 }. (2) 

This in turn gives the minimum measurable length 

Ax > A min = h^/fi = jjdp- (3) 

Eqn. dl]) is the simplest model where only the minimal uncertainty in position is taken into account 
while the momentum can be infinite. In this case, the quantum-mechanical structure underlying the 
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GUP has been studied in full detail [9j. The planar waves in momentum space are generalized by the 
maximal localization states and directly lead to the modified de Broglie relation 

hk = (4) 
VP 

In the limit /3 — > 0, one can obtain the usual de Broglie relation. For j3 7^ 0, there is a nonzero minimal 
wavelength 

A = 4Hy^. (5) 

Many implications and applications of non-zero minimal length have been discussed in literature 
[9|ll4tfl5]. A more detailed list of references refers to [16J. In [17J, based on the precision measurement 
of Lamb shift, an upper bound of po is given by po < 10 36 . A relatively rough but stronger restriction 
is estimated in |18j . Furthermore, in [20] . the parameter (3q is conjectured to vary with energy scales. 
In our analysis, po < 10 36 is adopted. 

In this paper, we discuss the thermodynamic properties of ideal gases based on GUP. The statistical 
physics of ideal gases has been studied by many authors [151 OS EH Ell E2] ■ It turns out that the 
thermodynamic quantities at finite temperatures are shifted by fikftT for non-relativistic system or 
P(kBT) 2 for ultra-relativistic and photon ones. Accordingly, there exist modifications on the equations 
of state. 

It is well known that the cold relativistic Fermi gas has important applications in astrophysics. 
Especially in 1930s, Chandrasekhar found that white dwarfs are very well described in the framework 
of a highly degenerate ideal electron gas. Therefore, it is of interest to investigate the ultra-relativistic 
ideal Fermi gas at zero temperature. It proves that both the energy and pressure of the system receive 
quantum gravity corrections as the Fermi energy is low. Since a full theory of quantum gravity is 
absent, it is a good try to take GUP model as a starting point and apply it to the case of high Fermi 
energy. We find that both the number density and the energy density approach finite values, whereas 
the degenerate pressure blows up. 

We are going to address two kinds of compact star configurations. One is white dwarf alike where 
the major contribution of the mass is not from the Fermi gas under discussion but from the cold 
nuclei. Application of our arguments to this type of compact stars causes small corrections to the 
Chandrasekhar limit. The mass of another configuration is expressed as M = Uq/c 2 , where the 
compact star is completely constituted by an ideal Fermi gas. Our calculation shows that the radius, 
total number and mass all have minima at Fermi energies around £"h = M p (? / VpV The minimum 
radius is proportional to ^/J3 A ra i Q , different from the intuitively expected value A m ; n . The radius 
becomes smaller than the Schwarzschild one beyond a critical value of the Fermi energy, though 
eventually approaches infinity. This scenario provides a possible interpretation of our universe as a 
giant black hole. We further find that the degenerate pressure increases at a rate proportional to 
the radius asymptotically. A question therefore naturally arises: Is the accelerating expansion of our 
universe accounted by Fermi pressure? 

We consider an isolated macroscopic body, consisting of N non-interacting particles. In condensed 
matter physics, the background of particles' motion is flat. However, as we know from (fT]) and 
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([3]), the generalized uncertainty principle realizes that the particles move in quantized gravitational 
background. It is then natural to consider the nearly independent particle systems. The state density 
has been derived in several ways |X5|. [16], [T9] . In [19] , with the help of Liouville theorem, the density 
of states is given 

Vdp 1 dp 2 ■■■dp d 



h d (l + Pp 2 ) d ' 

In d-dimensional spherical coordinate systems, the state density in momentum space is 



D{p)dp 



VA(S d - L )p d - L dp 
h d (l + f3p 2 ) d 



p G (0,+oo) 



(6) 



(7) 



where A(S d ~ 1 ) = 2 r K d l 2 /r(^), with being the Gamma function. If the particle's spin is 1 or 1/2, 
the two equations above should be multiplied by 2. 

Let's review the organization of this paper. In section 2 we discuss the finite temperature classical 
non-relativistic, ultra-relativistic and photon gases respectively. In section 3, we explore the properties 
of an ultra-relativistic Fermi gas at zero temperature. Section 4 is devoted to the discussion of compact 
star configurations. In section 5, we offer a summary and discussion. 



2 Ideal gases at finite temperatures 

The ideal gas model plays a major role in the studies of statistics. When the electromagnetic inter- 
actions between particles can be neglected, the ideal gas is a good approximation for a real system. 
In this section, we discuss low temperature classical non-relativistic, ultra-relativistic systems and a 
photon gas respectively. 



2.1 classical statistics 

For a non-relativistic system, the dispersion relation is e = p 2 /2m. From ([7]), in d-dimensional space, 
the partition function is 



VA(S d 



-v 



h d 

VA(S d - v ) 



00 p<*-i e -|£p 2 



dp 



(1 + (3p 2 ) d 



h d 



(2mA^T)5/(7,d), 



(8) 



where 7 = 2m(5/f3-Q = 2mf3k^T is a dimensionless parameter in the natural unit system and /3g 
1/ksT with k-Q being the Boltzmann's constant. 7(7, d) is defined as 



7( 7) d) 



2- d ^ 1 - d ' 2 r[f]77 



i 1 _ i I 

2' 1 2' 7 



1 



- 7 - a r[--]77 



2 7 



-r 



2 



7) +0(7 2 ) 



(9) 
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where H[ , , ] is the Kummer confluent hyper geometric function. It is straightforward to derive the 
equation of state of the ideal gas PV = Nk B T from eqn. (JSj) . For simplicity, we consider d = 3, 



7( 7 « 1,3) = Y 



i 9 ' 

1 7 

2 ' 



+ 0( 7 2 



(10) 



l34/_s \2 



If choosing m to be the 



In [17], an upper limit of /?o is estimated as fio < 10 36 or (3 < 10 34 (^-^, 
electron mass, m = 10 _30 kg, one has 

In the case of low temperature, < T -C 10 19 K, i.e., 7 < 1, from eqn. ([8]) and eqn. (fTUj) . we have 

AttV 



Z 



h 3 



(2mk B Tf W 



1 9 
1 7 

2 ' 



111 



When (3 = 0, one recovers the canonical energy Uq = ^Nk-gT and the entropy 



S = Nk B 



5 3, 2Trmk B T , F 

- + - In -r^ h In— 

2 2 h? N 



(12) 



We are concerned with {3^0 where the quantum gravity effects are introduced. Combined with 
< T <C 10 19 K, the energy gains a small correction 



U = ^Nk B T + 6U, 5U = -^Nk B T 2j3mk B T. 



(13) 



Notice that the energy has nothing to do with the volume. This is entirely consistent with the case 
(3 = 0. The entropy is also modified, 



S = S + 5S, 
5S = — + Nk B ln 



1 9 ' 
1 7 

2 ' 



■lBNk&mTp. 



(14) 



For a nonrelativistic system, one can calculate the Maxwellian distribution in d > 1 at low temper- 
atures. Using (JTJ), the velocity probability distribution for the absolute magnitude in d-dimensional 
space takes the form 

e -mi) 2 /2k B T 

doj v ~ — n n ^, v d ~ 1 dv. 

(l + (3m 2 v 2 ) d 

The most probable distribution of the velocity is determined by the extremum, 



'[( d + l) 7 + 2]^ + 8(d-l) 7 -[(d+l) 7 + 2] (d-l)k B T lo , m 
v m = — ; 2d[3mk B T. 
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Comparing with the classical statistics, there is a negative shift proportional to (3k B T. 

When the particle's rest mass is very small or the temperature is high enough, the condition 
k B T 3> mc 2 is well satisfied. It is natural to study the ultra-relativistic ideal gas with the dispersion 
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cp. Then from ([7|), we have 

Z 



VA{S 



d-l\ 



h d 



00 p d ~ l e~ l3B 



c Pdp 



h d 

VAiS*- 1 



h d 



) 

1 ( kBT 



1 + fip 2 ) d 

d 



00 x d - l e- 



c dx 







(1 +qx 2 ) d 



I(q,d), 



(15) 



where q = (3(k B T) 2 / 'c 2 is a dimensionless parameter. For generic dimensions, I(q,d) is expressed as 
complicated generalized hyper geometric functions. Therefore, we still focus our attention on d = 3, 



M 



{{-4},{}},{{o, i|},{}} 



where Ml 



4^q 3 / 2 

is the Meijer G function. For q <C 1, we find 

I(g<l,3) = 2- 72q + 0{q 2 ). 



(16) 



(17) 



One can see that q = 1 defines a temperature k^T q 



about the length of a string: A r 



c 

Therefore, 



It is believed that the minimum length is 



ch 



ksTq ~ — = 47t/c b Th, 



where Tjj is the Hagedorn temperature of relativistic strings |23tl24|. On the other hand, the Hagedorn 
temperature is estimated to be Th o± 10 30 K by the traditional grand-unified string models. Thus, a 
lower bound of /3o is imposed by Th: 

A> > 10 4 . 

From now on, we name k-gTg = = MpC 2 /v^o as Hagedorn energy or Hagedorn temperature, the 
scale where the quantum gravity effects become important. When the temperature is far below the 
Hagedorn temperature q <S 1, for d = 3, similar to (fT3l) and (fT4l) . the energy and entropy acquire 
small corrections due to the quantum gravity effects, 



S = 3Nk B + Nk B ln 



U = 3Nk B T 
8ttV ( k B T 



l-24^(k B T) 



h 3 v 



k B \nNl - W8Nk B -^(k B T) 



(18) 



(19) 



In ([8]) and (fT5j) . the integrands contain exponential functions. Given 7 < 1 or g < 1, the integrals 
are dominated by the neighborhoods of the maxima of the numerators. These maxima are the order of 
unity. Therefore, one can expand the denominators of the integrands before performing integrations. 
Employing this method, the integral f)15|) takes the form 

-I s ! /hr,T\ d 

[T{d)-dT{d + 2)q], (20) 



Z 



VA(S d 



h d 



which precisely agrees with eqn. (|17p for d = 3. The non-relativistic one ([9]) is also reproduced by this 
method. We are going to apply this method in the following discussion of the photon gas. 
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2.2 The photon gas 

In d-dimensional space, given q = f5(ksT) 2 jc 2 <C 1, the grand partition function of the photon gas is 



In- 



VA{S d - 1 )e d - 1 

o (hc) d (i + § e y 



ln(l 



-fee 



)de 



VA(S a - L ) 
' (hc)*p* 



~ c(d + i)r(d + 1) - c(d + 3)r(d + 3) 



(21) 



(k B T) d+1 c(d + i)r(d + i) 



C7 



where is the Riemann Zeta function. The energy is 

(/^P~~ 
The entropy reads 

with 

5S = 



1 - d. 



((d + 3)T(d + 3) 
C(d + l)r(d + l) 



S = k B lnE + — = S + SS, 



-qk B 



2WL(S d - 1 ) d(d + 3) 



From (USD, JT 



{hc) d d + 2 
TSJ), ((ISI), (USD and ([23]), one can check that 



C(d + 3)r(d + 3)(A:BT) 6 



(22) 
(23) 

dU dU ' ac/ 9J7 9t/ dU ' ^ 24 ' ) 
In thermodynamics, there are only three independent basic thermodynamic quantities, the temperature 
T, inner energy U and entropy S. After introducing GUP, S and U are altered, while eqn. (|24p shows 
that the temperature does not change. 



dS dS d5S d5U dS n 



+ 



dSn 



3 Ground state properties of ultra-relativistic Fermi gases 

From the previous discussion, one can see that the deformed parameter f3 and the temperature T are 
independent. What really matters is f3T or f3T 2 respectively. In this section, we study the ground 
state properties of a Fermi gas composed of iV ultra-relativistic electrons. For non-interacting and 
ultra-relativistic particles, e = cp. For simplicity we only consider the space dimension d = 3. When 
the temperature is higher than the particle's rest mass (in the natural units), particle pairs could be 
produced. In this case the grand canonical distribution oughts to be used. However, at zero or low 
temperatures, the vacuum effect of fermions can be neglected. Therefore, the total particle number is 
conserved. At zero temperature, from ([7]), the Fermi energy sp is given by 

8irV f PF p 2 dp 8irV f ep e 2 de 

/o 



N 



/i 3 
8irV 



(1 + p P 
c 2 \ 3/2 l 



2\3 



(he) 



(he) 3 V P J 8 
8ttV 



k(k 2 - 1) 

(1 + K 2 ) 2 



+ tan 1 (k) 



(he} 



(25) 
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where we defined k = ef\J Jr = ef/Eh with En being the Hagedorn energy introduced in last section 
and 

~k(k 2 - 1) 



fW~ 8 L(1 + k 2 ) 2 
Then the average distance between particles is 

V\ 1/3 he //^ 1/2 



+ tan 1 (k) 



i 



The ground-state energy of the system is 

U = 



8irV f £F e A de 



The pressure of the system is given by 



At zero temperature, the pressure becomes 



V V 

Plugging in ([25]) and (f29j) . one has 



(26) 



d=[jj) =7^173(^1 f(n)s=n-sA min f( K )-s. (27) 



(he) 3 J (1 + | e 2)3 

(he) 3 4 (1 + k 2 ) 2 1 
8ttV f4 1 k 4 

(fa03 H 4(l + K 2)2- (29) 



87T f 00 e 2 de ( (E -^ 

P = J^k B T In He VI. (30) 

(he) 3 J (1 + | £ 2)3 V 



Po = tj£f ~ 77- (31) 



8-7T 1 K 4 

Po= (^^ 5(K) ' 5(K) = K/(K) -4(lT^- (32) 

It is easy to see that Po is a monotonically increasing function of k in the region k > 0. 

The equation of state plays an indispensable role in exploring the configuration of stars and cosmol- 
ogy. Unfortunately, an explicit expression of the pressure in terms of (3 and N/V is not reachable with 
eqn. ()25[) and eqn. (|32p . Therefore, we address the extremal situations in the following discussions. 

3.1 k < 1 case 

In this situation, 

/( K ) = ^-| K 5 + 0(k 7 ). (33) 
6 5 

This equation enables us to solve k in terms of N/V and /3 from eqn. ([25]): 

K = (3vr 2 ) 1/3 5 (l + \(^ 2 ) 2/ H 2 \ + 0(5 5 ), (34) 
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where we have set 5 = A m ; n jd = (N/vf^K-ffi. It is easy to see that 5 <C 1 in this case from ([2 
The Fermi energy is far below the Hagedorn energy, 

r 2 

e F <C E R = 



(35) 



With equations (|29j) and (|32j) . one obtains 

Uo/V ** 



N Yf h ^ 1 

8^ {HC) ~ 



(he) 

3 4 / 3 he (N\ 4/3 
4 (87r) x /3 \ v) 



4(1 + K 



1 + -AS 2 



2A2 



/(*)■ 



(36) 



Pn 



8^ 



4 

iV \ 5 



(he) 3 \8ttV 
4 (8^)V3 ^yj 



(/ic) 4 • /(k)-s 



«/(«) - 7 



1 ft 4 



4(1 + K 2 ) 2 



n 6 2 
1 + -K 2 



Replacing k by (5, the energy and pressure both receive corrections: 



3 4 / 3 he fN\ 4/s 

u ° /v ~—(^{v) 

, ^ 3 1 / 3 fee m 4/3 
" ~ 4 (Stt) 1 ^ ^yj 



P 



1 + 1(3^2)2/3^2 



1+6^2)2/3^2 

5 







-i 





1 + ^2)2/3^2 

5 



(37) 

(38) 
(39) 



Thus corrections occur in the equation of state and this could lead to some cosmological consequences. 
3.2 k — \ and k ^> 1 case 

Since the full theory is absent, we take eqn. ([1]) as the starting point to gain some features of the 
quantum theory of gravity. Therefore, there is effectively no upper limit on p 2 . The k -C 1 case 
corresponds to perturbative region while k > 1 is equivalent to ftp 2 > 1. 

Note that in (I26p . /(/«) is a monotonically increasing and bounded function of k in the region 
k > 0. So is A^/y with respect to ef- At the Hagedorn energy, k = 1 gives /(/c) = 7r/32. k 3> 1 leads 
to an upper limit of /(k), which is it /Id. Then at zero temperature, 



N 
V 
N 
V 



(« = 1) 
(k » 1) 



8?r P 3 T 



1 1 



r H 32 32vrA 3 nin ^ 

^3 ^ - 1 1 

~ H 16" lb^A 3 "' 



From (|29p , the energies of the ideal Fermi g 8.SCS 8.1 C 

U (k = 1) = 



8irV 

Jh^lG ' 
8ttV E^ 
Jhcf~' 



(40) 
(41) 

(42) 
(43) 
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With ([32]) . the pressures are 

fl)(« = l) = ^^U (k = 1), (44) 
fb(«»l) = (|«-l)^o(«»l). (45) 

From (|4ip and (|43p . we can see that the particle number density and the energy density are bounded 
from above by the minimal length. However, from (|45p . with the increasing of the Fermi energy, the 
Fermi degenerate pressure blows up. This divergence indicates that more and more energy is needed 
to push a particle into the system. Furthermore, the equations of state are also altered. 

4 Ultra-compact stars at zero temperature 

For white dwarfs, the major contribution to the mass is not from the electron gas but from the 
non-relativistic cold nuclei: M = 2Nm p where m p is the mass of a proton. There may exist other 
configurations that the star is almost composed of ultra-relativistic particles. In this scenario, the 
mass is expressed as M = Uq/c 2 . 

4.1 White dwarfs with M = 2Nm p 

The condition M = 2Nm p indicates that ef *C m p c 2 . Therefore, k <C 1 for white dwarfs. The 
equation of state (i39j) shows a significant fact that the quantum gravity effects increase the degenerate 
pressure. This in turn induces corrections to the mass of white dwarfs. A typical model of a white 
dwarf has the following two properties |25j : 

• The dynamics of the electrons is relativistic. 

• the electron gas is completely degenerate and can be treated as a zero temperature gas. 

In 3-dimensional space, we consider a star with mass M and N electrons. In the absence of gravitation, 
it is necessary to have "external walls" to keep the gas at a given density. For macro stars such as 
white dwarfs, it is the electronic degeneracy pressure to resist the gravitational collapse. That is, on 
equilibrium, 

where R 3 ~ V, G is the constant of gravitation and a is a number (of the order of unity) whose exact 
value depends upon the distribution of matter inside stars. From eqn. (|39p and eqn. (|46p . we have 

+ (4T) 

where constants of the order of unity are ignored. Plugging in M = 2Nm p , the correction to the mass 
of stars is given by 

'N\ 2/3 



M = M Q [l + 5 2 ] = M Q 



I + ( 77 I J >lr 



^ - i^r) f^V»M . (48) 



2m p J \ G 
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Here, Mq is the mass of a white dwarf without correction^. For white dwarfs, Mq is approximately 
equal to the Chandrasekhar limit, which is 1.44 times the mass of the sun Mq. One can see that the 
quantum gravity correction depends on the number density of the star. For a typical white dwarf, the 
number density of electrons is 10 36 m -3 , which gives the average distance d = 10~ 12 m. The Fermi 
energy is about 10 5 eV (far exceeds the white dwarf's central temperature T ~ 10 7 K). Then (I35D is 
well satisfied even for the upper limit of /3q ~ 10 36 . Taking (3q = 10 36 , one finds 

M = M [1 + 1(T 10 ] . (49) 

Although the correction is small, one should note that the existence of quantum gravity correction is 
positive. Therefore, the quantum effect of gravity tends to resist the collapse of stars. Furthermore, 
larger /3o leads to more obvious effects of quantum gravity. 

4.2 Configurations with M = Uq/c 2 

We consider a compact star entirely constituted by an ideal Fermi gas. The total mass is given by 
eqn. ([29]) . M = Uq/c 2 . The equilibrium equation (|4"6j) leads to 

R=-^R°h( K ), h(K) = f , (50) 

24 (1 + K z ) z g(n) 

where R® is the Schwarzschild radius of the star with mass M = Uo/c 2 . 

c z c 4 

As shown in Figured! 1i(k) is a monotonically decreasing function of k with h(0) = 12 and h(oo) = 0. 
Therefore, at a small value of k, formation of a compact star is triggered. While at a critical value of 
k = k* which makes R(k*) = R$, a black hole is created and thereafter. To determine k*, one has to 
know a. It is conceivable that better precision can be achieved when general relativity is taken into 
account in the equilibrium equation (|46p . What is interesting is that inside the horizon, it is not a 
singularity but an ensemble of highly degenerate fermion gas. 
It is useful to write eqn. (|50p in the form: 



R 2 = — h(K)=g(K)£±££. (52) 



Refer to the solid line in Figure [21 the radius is divergent at k = and k — > oo. There is a minimum 
^min = 0.420 around k = 1.681. Thus a minimum radius is given by 



Poip = V/?oA min , (53) 



4 The relation between the mass and the radius of white dwarfs is calculated with the dispersion e = mc 2 1 + (^:) 2 — 

lj . Since we are only concerned with the mass limit of the star configuration, the ultra-relativistic dispersion e = cp is 
enough. This is shown by Mq in eqn. 
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Figure 1: The h(n) in eqn. ([50]) versus k. h(n) is a bounded and approaches zero at infinity. 



which implies that no singularity is present. This conclusion is a consequence of the existence of 
the minimum length. Contradicting to the intuition, the minimum radius is not proportional to the 
minimum length but to y / A)^min- Nevertheless, /3q may be much larger than unity as proposed by 
many models. Whether a star of the minimum radius is a black hole depends on the value of a since 
£(1.681) ~ 4.365. 

Substituting ([52]) into ([25]) . we obtain the total number of particles, the dotted line in Figured 



/ i \ 3/2 

iV = 288^-J $ 2 f(K)h 3 / 2 ( K ). 
In the vicinity of k = 1.290, iV reaches a minimal value 



N(k = 1.290) = 0.0392 x 288V?r 



1\ 3 / 2 



a 



,3/2 .3/2 
Pn ~ Pn • 



Substituting ([52]) into ([29]) . one acquires the total mass, the dashed line in Figure [IQ 



M 



U 720F 



c 2 a 3/2 

Around k = 0.940, M has a minimum 



(1 + K 2 ) 2 ' 



(54) 



(55) 



(56) 



M min = M(k = 0.940) = 0.107 x ——M v fo w 10 _8 y3 (kg). 

The divergencies of the radius, total number of particles and mass at ft = are not caused 
by quantum gravity effects. Expanding the radius, total number of particles and mass for small k 
respectively: 



R 



ISTTjch) 2 1 



l + A) 



7 / e F 



5 VMpC 2 



(57) 
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Figure 2: For a star configuration, the radius R (solid line) in eqn. (|52|) . the total number of particles 
N (dotted line) in eqn. f|54j) and the mass M (dashed line) in eqn. (|56p versus k. All of them are 
divergent at k = and k — > oo. The radius has a minimum around k = 1.681. The total number of 
particles reaches a minimum around k = 1.290. The mass acquires a minimum around k = 0.940. 



N 



4 a 3/2 



M 



n 



ch 



—M 3 c 4 — 

3/2 P £ 2 



i + A 



12 



M p c 2 



+ 0(k) 



1 + /So- 



il 



M p c 2 



+ 0{k) 4 



(58) 



(59) 



The quantum gravity factor (5q has no presence on the leading orders and only shows as small correc- 
tions. In fact, the ultra-relativistic dispersion e = cp is only applicable to the situation ep 3> mc 2 , 
where m is the rest mass of the particles building the star. Therefore, our results are valid in the 
region k 3> v^oiT"- When investigating the region ep < mc 2 , the relativistic dispersion or the 
non-relativistic one ought to be used and one also has k <C 1. 

As k keeps increasing, the Fermi pressure monotonically blows up to resist the gravitational col- 
lapse. Though both the total number of particles and mass are divergent at large k, the number 
density and mass density approach finite quantities as discussed in last section. From eqn. (|50l) and 
Figure [H beyond the critical k* , the star behaves as a black hole, in a rough definition. Eventually, 
the radius approaches infinity, and yet its ratio to the Schwarzschild one vanishes. 

It is of interest to have a look at the asymptotic behavior of the pressure in terms of the radius. 
For large k, 
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(60) 



Therefore, the increment of the Fermi pressure is accelerated for larger radius. If take the viewpoint 
that the whole universe is a big black hole, supported by low temperature permeating Fermi gases, the 
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resulted Fermi pressure may provide a mechanism of the accelerated expansion. We anticipate that 
future works which make use of general relativity and interacting systems can predict observationally 
consistent results. 

It is of importance to study the stability of the configurations. The strategy is to fix the total 
number of particles N and vary the radius. To have a stable configuration, a positive (negative) 
perturbation of the radius must make the degenerate pressure smaller (larger) than the gravitational 
pressure. From eqns (|25|) . (f29l) and (i32j) . we have 

a CM 2 k- 8 
P ° ~ 4^"R^ = CmSt (1 + &)* / ~ 2/3(K) ( j{K) " ' j{K) = W^")' ( 61 ) 

where ke is the value of k on the equilibrium for a fixed N. From eqn. (|25[) . a small perturbation of 
the radius leads to a shift of k with an opposite sign: 

R—-R± \ AR\ =y- k — y k \ Ak\. 

With eqn. (|6ip . one readily finds that in order to have stable configurations, must be an increasing 
function of k. It is easy to see that has the same behavior as the dotted line, total number of 
particles N, in Fig[2j Therefore, there exists another critical value k$ = 1.290. The star configurations 
are stable as k > Kg- The minimum radius is obviously located in the stable region. The instability 
of the configurations as <C k < us may not be very true. To have more reliable results, one should 
make use of the relativistic dispersion. 

It is worthwhile to take a glance at a compact star comprised primarily of fermions with a small 
portion of bosons. This configuration is different from the two structures we have explored in this 
section. There does not exist any constraint between the mass and fermion number or energy. From 
the equilibrium condition eqn. (|4"6|) . as more bosons are inhaled, the degenerate pressure Pq and k 
move up. With eqn. (I25p . the volume shrinks to its minimum 

V min = 16vriVA^ in , (62) 

which is obviously a consequence of the existence of the minimum length. One can easily conceive 
that a black hole, without singularity, is going to form as the portion of bosons is growing. 

5 Summary and Discussion 

Based on the minimum observable length, we discussed the quantum gravity influences on the statistic 
properties of ideal gases. The finite temperature classical non-relativistic, ultra-relativistic and photon 
gases were addressed. Small corrections to the energy and entropy at low temperatures were found. 
The temperature itself is unaltered. Moreover, modifications to the equations of state may have some 
cosmological consequences. When connected to the traditional grand-unified string model, an lower 
bound Pq > 10 was given. 

We then paid attention to the ultra-relativistic Fermi gases at zero temperature. The energy 
density and pressure receive positive corrections proportional to h 2 /3(N/V) 2 ^ 3 in the case of k <C 1. 
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When applied to the white dwarfs, the corrections tend to resist the gravitational collapse of stars and 
then lift up the Chandrasekhar limit. Taking the GUP as a starting point, we also studied the high 
Fermi energy situation. It is shown that both the number density and the energy density approach 
finite values, whereas the degenerate pressure blows up for large n. 

For compact stars completely constituted by an ultra-relativistic ideal Fermi gas, we found that 
the radius, total number and mass all achieve their minima around k ~ 1. The minimum radius is the 
order of ^/J3 A m ■ m . As k increases from a small value, a compact star is formed. After passing through 
a critical value k = k* , where the radius coincides its Schwarzschild one, the compact star behaves 
as a black hole. Eventually, the radius approaches infinity, nevertheless the ratio to its Schwarzschild 
radius goes to zero. In this sense, the universe may be interpreted as a giant black hole. Furthermore, 
at large k, the degenerate pressure increases at a rate proportional to the radius. This result provides 
a possible account for the accelerated expansion of the universe. The configurations are stable beyond 
another critical Fermi energy k$ = 1.290. 

There are several questions that we have not addressed. The first one is that in calculating the 
pressure balance of compact stars, we employed the Newton's gravity. At large k, as we emphasized, 
it is more reasonable to include the corrections from general relativity. For instance, replace the 
equilibrium condition eqn. (|46p by the Tolman-Oppenheimer-Volkoff (TOV) equation. Moreover, as 
k is very large, ideal gas model only serves as a leading order approximation. Better refined statistic 
models can certainly offer more accurate predictions. In the studies of Fermi gases and compact star 
configurations, we adopted zero temperature and the ultra-relativistic dispersion. It is of interest to 
figure out a relation between the mass and radius with relativistic dispersions . Furthermore, more 
precise results are expected by assuming low but nonzero temperatures, though the calculations would 
be much more complicated. 

We chose eqn. (|6|) to realize quantum gravity effects. However, whether Liouville's theorem is 
applicable in the high temperature limit or ultra-high density lacks of proof in principle. Atick and 
Witten have shown that at temperatures far above the Hagedorn temperature, string theory has a 
very peculiar thermodynamic behavior [23j . On the other hand, the space-time dimensionality may be 
reduced at short distances [26]. Therefore we naturally expect that the dimension d in the equation 
([6]) may run with energy scales. The establishment of a specific model to show the phase transition 
at the Hagedorn temperature will be discussed in follow-up works. 
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